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Abstract 
The inventory management of multi-echelon repairable items systems is a major problem as these items are 
relatively expensive and slow-moving, so, inventory management can be a real problem due to mathematical 
complexities. In this work, a study was performed in a complex high-value products manufacturer, whose repairable 
items are both expensive and critical. Data of parts’ failure, storage and repair system structure were collected. We 
present statistical analysis methods that can be exploited in data reduction and classification to facilitate the 
inventory management procedures. Statistical methods used in this work include; DOE, regression analysis, 
distribution fitting, and ARIMA models. 
Keywords: multi-echelon; repairables; DOE; distribution fitting; ARIMA 
 
1. Introduction 
The importance of After-sales service parts management has increased in the past decades. One 
reason is the fact that system availability and high quality after-sales service have become 
important criteria when selecting suppliers of technically advanced systems. A second reason is 
the increasing value of service part inventory investment. A survey by Cohen et al. (1997) 
reports that service parts inventories equal 8.75% of the value of product sales in their sample, 
being over $23 millions inventory investment on average. Bundschuh and Dezvane (2003) 
mention that service revenues account for 30% or more of total revenues for many 
manufacturers. For many of the world’s largest manufacturing companies, Deloitte (2006) 
investigated revenues in the service business over a period of one year, and it reports combined 
revenues of more than $ 1.5 trillion. Further, it reports that on average service revenues account 
for 25% of the total business and that profitability is much higher than in the primary product 
business. The above indicates that the after-sales service market deserves substantial corporate 
attention as customer requirements have tightened. 
Parts fall into two categories, consumables and repairables. Consumables are spare parts that are 
scrapped once they have failed, while Repairable items are parts for which repair is technically 
possible and economically profitable (Diaz and Fu, 1997). Repairables are generally more 
expensive, so the share of repairables in total service part investment is probably considerably 
higher. In this work, the focus will be on repairable items.  
Inventory costs have been a major research area to determine the most effective costs. The 
models are generally formulated as a cost minimization problem, with a cost function comprising 
holding costs, ordering setup costs, and either explicit penalty costs or a specified service level 
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constraint. Singh and Vrat (1984) explored a two-echelon repair-inventory system, developing a 
model for determining the location of a repair and storage facility, together with the allocation of 
serviceable spares to minimize the total expected system cost, defined as the sum of shortage, 
holding, and transportation costs. Previous studies regarding the spare part inventory 
management typically focused on local inventory of a single facility and little on the entire 
supply chain; see Huiskonen (2001). Mabini and Christer (2002) considered four cost factors in 
the total expected annual inventory cost; the cost of holding serviceable and non-serviceable 
modules and components, the purchase cost of replenishment modules and components, the 
repair cost of modules and components, and the aircraft delay cost due to module shortages. 
Willemain et al. (2004) and Regattieri et al. (2005) dealt with forecasting methods for 
intermittent demand. Smidt-Destombes et al. (2005) provided a model for redundant systems 
with identical, repairable components under condition based maintenance policy. Vaughan 
(2005) presented a model where demand for the spare parts arises due to regularly scheduled 
preventive maintenance and random failure of units in service with constant failure rate. Through 
literature, the costs incurred due to shortage or backorders are higher than the cost for inventory 
and the regular order, because that the failure has already occurred. 
When looking at multi-echelon supply systems for repairable service parts, the METRIC model 
(Multi-Echelon Technique for Recoverable Item Control) by Sherbrooke (1968) is widely 
considered to be the first model that captures the most important features of the problem of 
determining optimal inventory levels for service parts. The METRIC approach is concerned with 
setting the initial levels of repairable spare part inventories and their distribution among various 
locations in a distribution network. The goal is to minimize the sum of the expected backorders 
of all service parts at all local bases. The constraint is that a given budget is available for 
investment in service part inventory. 
Other literature that emphasized the significance of backorders cost include Nahmias (1981), 
Erlebacher and Meller (2000), Huiskonen (2001), Daskin et al. (2002), Rustenburg et al. (2003), 
Ozsen et al. (2003),  Shwarz et al. (2004), Vaughan (2005), and the books of Sherbrooke (2004) 
and Ghiani et al. (2004). 

In this work, the application is for a major manufacturer of electric transformers. The 
manufacturing facilities are located in Egypt, Syria, Sudan, Zambia, Ghana and Nigeria; their 
customers are around the world.  This system is complex because of the large number and 
variety of parts, the geographic dispersion of the installed base of customers' systems, the use of 
multiple classes of service, and stringent requirements for prompt response to customer 
requirements.  The transformers are often bottlenecks in such systems, and therefore their 
reliability is essential. It has been estimated, for example, that one hour of transformer downtime 
can cost a fabrication plant user as much as $30,000. The transformer’s parts, though quite 
reliable, are subject to random failures. Therefore, customers demand prompt and reliable parts 
service and providing it, are critical to the company's long-term success. The Maintenance-
Service Division of the company provides and repairs service parts for customers. It manages 
over 5,000 parts and distributes them through a global, multisite logistics network. Many of these 
parts have a high unit cost (as much as $10,000) and a low usage rate (as low as a few pieces a 
year worldwide). The division must therefore allocate its inventory investment efficiently across 
its stocking locations to achieve a high level of service, which is measured in terms of parts 
availability. We carried out the work in two phases. The first phase, which is presented in this 
work, was to perform a statistical data analysis that is exploited in data reduction and 
classification to facilitate the inventory management procedures. The second phase was to 

Noha Mostafa,et.al, Int. J. Eco. Res., 2011 2(5), 138-150 ISSN: 2229-6158

IJER | SEP - OCT 2011 
Available online@www.ijeronline.com

139



support implementation of those improvements and to develop a comprehensive, multi-echelon 
inventory model to help the company to enhance its inventory planning and control system; the 
second phase of our research will be introduced in a later paper. 
 
Our main contribution of this work is to show the significance of backorders cost and to select 
the most significant factors that affect the backorders cost. The paper is organized as follows, in 
section 2; the multi-echelon hierarchy and the repair process are described. Section 3 provides 
the Design of Experiment and the fitted regression for the significant factors, and then the model 
adequacy is checked in section 4. Section 5 provides fitting of probability distributions for the 
input variables. 
 
2. The Multi-Echelon Hierarchy and the Repair Process 
Because the installed base of technical systems is usually geographically dispersed, spare parts 
are stocked on various locations. Items can be stocked at a central or at local locations. This 
gives a hierarchic, multi-echelon distribution structure. Hence, we are dealing with a two-
echelon supply system, with the Depot in Egypt at a central level and the five local centers in 
Syria, Sudan, Zambia, Ghana and Nigeria at the decentralized level. The depot has its own spares 
inventory which enables the depot-repairable item to be replaced immediately with a spare, if 
available. A failed item at base i is base-repairable with probability αi (0≤αi≤ 1, i = 1, 2, .. ., I) 
and is replaced by a base spare if it is available. Otherwise, replacement is delayed until a spare 
becomes available. A failed item, which is depot-repairable with probability (1 – αi) is sent to the 
depot for repair. If the depot has spares available, then a spare is immediately sent to the base 
where the failed item had originated and the failed item is stored at the depot inventory after 
repair. On the other hand, if the depot spares are not available, then the failed item is repaired 
and is sent to its base after repair. We refer to this case as depot-shortage with respect to a base. 
The repair process and the two-echelon repair and storage structure are depicted in Figure 1 and 
Figure 2, respectively. 
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                                                           Fig.1 The repair process 

                 
                                                 Fig.2 The supply system hierarchy 
 
3. Applying DOE and Regression Analysis 
We collected information about parts that caused customer lateness in years 2008-2010 to find 
out why they were in short supply. Using the demand-and service data for the identified parts, we 
conducted a Design of Experiment (DOE) and Pareto analysis. There are twenty six repairable 
parts that caused delays in the period under investigation. Thus, a two-level design with twenty 
six factors and two replications is used. Factor levels (settings) are either the item has caused a 
backorder or not during the experiment period. The response is Backorders cost during the 
experiment period. Since there are twenty-six factors that are of interest, Plackett-Burman design 
was used. Starting from the twenty-six factors, only four factors appeared to have significant 
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effect on the backorders cost, these factors are LV coil, Fan control unit, HV coil, and 
Temperature control system. For simplicity, these items will be called D, S, Y, and aa, 
respectively. After the design is created and the response data is collected, a model should be fit 
to the results and graphs are to be generated to evaluate the effects; see Barnett (2003), Ibrahim 
and Mostafa (2010). The results showed that the main effects for factors D, S, Y, and aa, (LV 
coil, Fan control unit, HV coil, and Temperature control system) are significant; at a 0.05 α-
level. Normal plot and Pareto chart were performed, with a default α-level of 0.05 and are shown 
in Figures 3 and 4, respectively. 

                                     
Fig.3 Normal plot of effects                                        Fig.4 Pareto chart of effects 
 
The normal probability plot labels effects that are lower than the chosen α-level. Here, the effects 
of factors D, aa, S, and Y are significant using α = 0.05. The Pareto chart uses the same α-level 
as the normal plot to determine the significance of effects. So again, it is seen that the effects of 
factors D, aa, S, and Y are significant using α = 0.05. 
After that, a model will be fit without the terms which seem to be inactive and it will be checked 
to see how good the model is after the reduction of insignificant factors. The output provides 
information as to how good the model is. Regression analysis was performed and the p-value for 
each term in the model is less than 0.05, indicating a model that is a good candidate for further 
exploration and validation. This model is considerably simpler and fits the data almost as well as 
the model with all terms. The residual error increased by a small amount. 

The fitted model is: 
 

Where Y is the Backorders cost; x1, x2, x3, and x4 are factors D, S, Y, and aa, (LV coil, Fan 
control unit, HV coil, and Temperature control system), respectively. 
For the data, R2 value shows that 88.06% of the variation in response (Backorders cost) is 
explained by model, the predicted R  is 33.27% reflecting how well the model will predict future 
data, and the adjusted R  is 79.42%. If unnecessary terms are included, R2 can be artificially 
high. Unlike R2, adjusted R2 may get smaller when terms are added to the model. Also, we have 
checked for multi-collinearity and the variance inflation factor (VIF) for the independent 
variables and it was found that there is no interaction between them. 
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4. Model Adequacy Checking 
In this section, the model adequacy is analyzed. It is important to examine the fitted model if the 
model provides an adequate approximation of the true response surface. Normality, regression 
analysis, and lack of fit test will be used to examine both of the models; see Toutenburg (2002) 
and Hinkelmann and Kempthorne (2008) and. 
 
4.1 Test for Significance of Regression 
A test was performed to check whether the error term ei’s are N(0, σ2). To check this assumption, 
the normal probability of residuals and other residual plots are graphed in Figures 5-8.  

 
           Fig.5 Normal probability plot                   Fig.6 Residuals versus fits 

 
            Fig.7 Residuals Histogram                       Fig.8 Residuals versus orders 
 
The residuals plots were satisfactory, and showed no cause for concern. The residuals can be 
judged as normally distributed; therefore normality assumptions for both of the responses are 
satisfied. As a result of this assumption, observations yi are also normally and independently 
distributed. Therefore, the test for the significance of the regression can be applied to determine 
if the relationship between the dependent variable y and independent variables , 
exists. The proper hypotheses are 
H0: ß1 = ß2 = ß3 = ß4 = 0  
Ha: At least one ßj ≠ 0 
At the significant level α = 0.05, the critical value F0.05, 4, 40 = 4.01 is less than the observed F = 
4.97. There is a significant statistical evidence to reject the null hypothesis. It implies that at least 
one of the independent variables, , contributes significantly to the model. 
 
4.2 Test for Individual Regression Coefficients 
In order to determine whether given variables should be included or excluded from the model, 
hypotheses test is performed for the individual regression coefficients. The simple analysis starts 
with a main effects plot in Figure 9, which allows obtaining a general idea of which main effects 
may be important.  
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                                                 Fig.9 Main effects plot 

It is seen that the factors have similar main effects. But the line connecting the mean responses 
for factor S has a steeper slope than the others. The main effect plots are helpful in visualizing 
which factors affect the response the most, but in order to determine the significance of the 
factors, a t-test is used to identify the significance of the main factors. To examine the significant 
contribution of the independent variables to Backorders cost, the following calculations for the 
following hypotheses are done: 

               H0: ßj = 0  
                                                             Ha: ßj ≠ 0                          Where j = 1, 2, 3, 4 
 
            
 

  and 

  The t-statistics are: 
,   ,   , and               

 

 
At 0.05 α-level, the critical value t α/2, dfE = 2.021. It is found that  are all 
greater than 2.021, therefore, the null hypotheses H0: ßj = 0 is rejected for j = 1, 2, 3, 4. Then, it 
is concluded that the independent variables:  (LV coil, Fan control unit, HV 
coil, and Temperature control system), all contribute significantly to the response variable 
(Backorders cost). 
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5. Identifying Probability distributions to represent input variables 

As stated previously this work is the first phase of optimizing an inventory model for multi-
echelon systems. In such situations, simulation tools can play an important role to test different 
sets of data. The simulation is not covered here, but the statistical methods under focus in this 
work can be used to define the probability distributions for input variables that will be used in 
further models and simulation runs. It is indispensable to define some probability distribution; 
one to the failures occurrences, other to identify the repair time, depending on the failures and 
resources at the repair facility. Firstly, failures are checked and processing time is generated by a 
probability distribution function. The second step is to represent the independent input processes. 
The families’ hypotheses were based in the data characteristics as summary statistics, histograms 
and line graphs. In third step, the data was used to estimate the maximum-likelihood estimators 
for the distribution families’ parameters. Lastly, it was determined how representative the fitted 
distributions were. At this phase the histograms of the empirical and the theoretical distribution 
were compared and goodness-of-fit tests, such as x2, Kolmogorov-Smirnov, and Anderson-
Darling tests can be employed; see Bevington and Robinson (2003).  
 
5.1 Failure rates probability distributions 
First for the failure rates, the data is tested to check whether it follows a Poisson distribution, for 
the first item D (LV coil), the Goodness-of-fit test is performed, over the past two years a sample 
of 50 LV coils were observed to record the number of failures occurring. The goodness-of-fit test 
for Poisson evaluates these hypotheses: 
H0: Data follows a Poisson distribution. 
Ha: Data does not follow a Poisson distribution.  

After testing the data at a 0.05 α-level, it was concluded that the failures of LV coils follow a 
Poisson distribution with a mean of 0.28 years. 

The same test was performed for items S, Y, and aa (Fan control unit, HV coil, and Temperature 
control system) respectively. It was concluded that the failures of items D and S follow Poisson 
distribution with different parameters, on the other side; the distribution of the failure of items Y 
and aa does not follow a Poisson distribution. Therefore, Individual Distribution Identification 
functionality is used to perform capability analysis when to fit a distribution. For item Y, (HV 
coil), the median is less than the mean indicating that the distribution is right skewed, the 
skewness = 1.95, indicating that the distribution is skewed to the right, the kurtosis = 3.82 
indicating that the distribution tend to have a distinct peak near the mean. After testing many 
distributions, it was found that the failures of item Y follow a Weibull distribution at a 
confidence interval of 0.05, also, the Anderson-Darling statistics suggest that they fit the data 
well. However, item aa (Temperature control system), is generated from empirical distribution. 
So, ARIMA model for item aa is fitted in subsection 5.1.1.  
5.1.1 Using ARIMA Model 
The failures of item aa is generated from empirical distribution. The dependent data was studied 
appealing to the general methodology for developing an appropriate ARIMA time series model. 
The approach consists of an iterative procedure. First, a tentative model of the ARIMA class was 
identified through analysis of the data of the failures of item aa, in particular using the 
autocorrelation function and the partial autocorrelation function. Then the unknown parameters 
of the model were estimated by means of the least-squares estimates. Finally, diagnostic checks 
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were performed to determine the adequacy of the model. If the fitted model was adequate it 
should transform the observation to a white noise process so the residuals samples were 
calculated. Box and Jenkins well-known suggested methodology is shown in Figure 10; see Box 
and Jenkins (1970). 

                               
 
                            Fig.10 Flowchart for ARIMA identification process 
First, the series is checked whether it is stationary. It is useful to look at a plot of the series along 
with the sample ACF shown in Figures 11 and 12. 

 
 
 
 
The series shows an upward trend, and the first several autocorrelations are persistently large and 
trailed off to zero rather slowly, then a trend exists and this time series is nonstationary. The next 
step is to convert the nonstationary time series to a stationary one by differencing to see if we 
could eliminate the trend. The plot of the differenced data appeared to vary about a fixed level, 
then the model for nonstationary series is ARIMA (p, d, q), with d = 1, as one amount of 
differencing occurs. As a stationary series has been obtained, the form of the model must be 

Fig.11 Time series plot of  
original data of item aa 

              

Fig.12 ACF for original failures  
data of item aa 
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identified to be used by comparing the sample ACF and PACF to the theoretical ACF and PACF 
for the various ARIMA models. Figures 13 and 14 show the ACF and PACF for the differenced 
data. 

      
 
Fig.13 ACF for differenced data  
of item aa                           
 
Comparing the autocorrelations with their error limits, there are no significant autocorrelation 
that indicate a white noise. The PACF appears to cut off after lag 1, indicating AR (1) behavior. 
The ACF appears to cut off after lag 1, indicating MA (1) behavior, therefore we will try: 
ARIMA (1, 1, 0) and ARIMA (0, 1, 1). As n is relatively small, 50, least squares estimates can 
be used in parameter estimation, yielding similar results to those from the maximum likelihood. 
The modified Box-Pierce statistics are not significant as indicated by the large p-values for both 
models, but as the p-value of AR exceeds the 0.05 α-level, it is more accurate to select the 
second model. The autocorrelation function for the residuals resulting from the selected ARIMA 
model and also the normal probability plot of the residuals were also reviewed to monitor the 
forecast errors, there was no significant residual autocorrelation and the normal probability plot 
appears acceptable, then, it was concluded that the failures of item aa (Temperature control 
system) is generated from ARIMA (0, 1, 1) model (IMA). 
 
5.2 Repair times probability distributions 
Similarly, the data of the repair times was tested to find the best distribution fit, it was found that 
the repair times of items D, S, Y, and aa, are all generated from an Exponential distribution. 
Figures 15–18 show the probability plot for the four items. 

 
              
 

Fig.14 PACF for 
differenced  data of item aa 

 

Fig.15 Probability plot of repair 
times of item D    

                                                               
                                                                                 

   
 

Fig.16 Probability plot of repair 
times of item S    
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Conclusions 

Multi-echelon inventory models for repairable items have acquired increasing attention due to 
the increase in international organizations that manage inventories in several locations that in 
many times can be all over the world. System availability and high quality after-sales service 
have become important criteria when selecting suppliers of technically advanced systems. 
Managing repairable items can be a real challenge, especially if high numbers of items exist, so, 
in this work, we made use of some statistical methods to reduce the data volume and understand 
its characteristics. First, section 2 provides an insight in the multi-echelon structure of the 
locations and the repair process procedure. Starting from section 3, statistical methods were used 
to reduce and identify the data; in section 3, Pareto Analysis and DOE were performed to select 
the most significant items that influence the response, which is the Backorders cost resulting 
from inventory shortages, out of a sample of twenty-six factors, only four factors appear to be 
significant, (LV coil, Fan control unit, HV coil, and Temperature control system), we called 
them D, S, Y, and aa, respectively for simplicity. After that, a model was fit without the terms 
which seem to be inactive and was checked to see how good the model is after the reduction of 
insignificant factors. The fitted model is: 

 
After that, in section 4, the model adequacy was analyzed through tests for significance of 
regression and for individual regression coefficients, the first test showed that at least one of the 
independent variables, , contributes significantly to the model and the second test 
showed that all the independent variables contribute significantly to the response variable 
(Backorders cost). 

Finally, in section 5 fitting of probability distributions for the input variables was performed. 
After analyzing the inputs of the four significant factors, LV coil (D), Fan control unit (S), HV 
coil (Y), and Temperature control system (aa), it was concluded that the failures of items D and 
S follow Poisson distribution with different parameters, the failures of item Y follow a Weibull 
distribution, and the failures of item aa is generated from IMA model. The repair times of the 
four items follow an Exponential distribution. 
 
Further research can be focused on the study of the dependence of the failure probability 
distribution function from the number of parts. In addition, research can be devoted to the study 
of the model adaptation to acyclic multi-echelon structure in particular to a supply chain system. 

Fig.17 Probability plot of repair 
times of item Y    

                                                               
                                                                                 

   
 

Fig.18 Probability plot of repair 
times of item aa  
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